Abstract. In this paper we determine the stringy motivic volume of log terminal horospherical Gvarieties of complexity one, where G is a connected reductive linear algebraic group. The stringy motivic volume of a log terminal variety is an invariant of singularities which was introduced by Batyrev and plays an important role in mirror symmetry for Calabi-Yau varieties. A horospherical G-variety of complexity one is a normal G-variety which is equivariantly birational to a product C × G/H, where C is a smooth projective curve and the closed subgroup H contains a maximal unipotent subgroup of G. The simplest example of such a variety is a normal surface with a non-trivial C ⋆ -action. Our formula extends the results of Batyrev-Moreau [BM13] on stringy invariants of horospherical embeddings. The proof involves the study of the arc space of a horospherical variety of complexity one and a combinatorial description of its orbits. In contrast to [BM13], the number of orbits is no longer countable, which adds significant difficulties to the problem. As a corollary of our main theorem, we obtain a smoothness criterion using a comparison of the stringy and usual Euler characteristics.
Motivic integration is a natural geometric counterpart to p-adic integration in number theory. It turned out to be a powerful tool for creating new invariants of the singularities of algebraic varieties. Stringy invariants, introduced by Batyrev in [Bat98] , are an example of such constructions. In [BM13] they were instrumental in simplifying a smoothness criterion for embeddings of horospherical homogeneous spaces in terms of convex geometry; the formulation of this smoothness criterion using stringy invariants for general spherical varieties remains to this date a conjecture, see [BM13, Conjecture 6.7] .
Thus it is tempting to continue this exploration for other kinds of reductive group actions. In this paper our main objects of interest are the stringy invariants of horospherical varieties of complexity one, Q-Gorenstein, and with log terminal singularities. One of our results, Theorem 5.17, provides an explicit formula for computing the stringy invariants in terms of their combinatorial description. To prove this result we study the arc space of these varieties in Section 4, following the ideas underlying the study in [Ish04] of the case of toric varieties. We also give a description of the rational form of the stringy motivic volume and obtain precisely a finite set of candidate poles using convex geometry, see Theorem 5.27. Finally, under some extra assumptions we rephrase in Theorem 6.4 a smoothness criterion for these varieties in terms of the stringy Euler characteristic. To explain our results in more detail let us now recall some background on horospherical varieties.
Throughout this paper we denote by G a connected simply connected reductive linear algebraic group over C. By 'simply connected' we mean that G = G ss × F , where G ss is a simply connected semisimple group in the usual sense (see [MT11, Section 9 .2, Definition 9.14]) and F is an algebraic torus. We say that a G-homogeneous space G/H, where H is a closed subgroup, is horospherical if H contains a maximal unipotent subgroup of G. These homogeneous spaces may be realized as Zariski-locally trivial torus fibre bundles on flag varieties. The fibration for the horospherical homogeneous space G/H is constructed via the natural projection G/H → G/P , where P is the parabolic subgroup normalizing H. All the fibers of this projection are isomorphic to the algebraic torus T = P/H. The character lattice of T and the set of simple roots indexing the Schubert divisors in the flag variety G/P describe entirely the homogeneous space G/H, see Section 3.1 for a more precise statement.
More generally a horospherical G-variety is a normal variety endowed with a G-action such that every orbit is horospherical. We distinguish horospherical varieties depending on an integer called the complexity, which measures the size of the rational quotient by a Borel subgroup. In practice it coincides in the horospherical case with the minimum of the codimensions of the G-orbits. Horospherical varieties of complexity at most one admit a combinatorial description in terms of objects coming from convex geometry, almost analogous to the classical situation for toric varieties. This combinatorial description, introduced by Timashev in [Tim97] for the complexity one case, and adapted from the Luna-Vust theory [LV83] , is either a generalization or a special case of similar descriptions for other types of G-varieties.
• Spherical varieties, that is, normal G-varieties where a Borel subgroup of G acts with an open orbit, see [Kno91, Bri95, Tim11, Per14] . This special case includes symmetric spaces and horospherical varieties of complexity zero; • Normal varieties endowed with an algebraic torus action of complexity one, corresponding to the case G = T . See [KKMSD73] for a partial description, [Tim08] for the general case, and [Lan15] for a description on an arbitrary field. We also refer to [FZ03, AH06, AHS08, AIP + 12] for actions of algebraic tori of arbitrary complexity.
The combinatorial description in [Tim97] , see also [LT16] , of horospherical varieties of complexity one, involves the following data. First of all we work with simple G-varieties, that is, G-varieties X which contain an open affine subset which is stable under the action of a Borel subgroup B ⊂ G and intersects every G-orbit. Such an open subset is called a B-chart of X. Any simple horospherical G-variety X of complexity one is described by a 4-tuple (C, G/H, D, F ), where C is a smooth projective curve over C and G/H is a horospherical G-homogeneous space. These first two data encode the birational equivariant type of X. More precisely X is G-birational to the product C × G/H, where G acts via g ·(y, x) = (y, g ·x) for g ∈ G, y ∈ C, and x ∈ G/H. Here G/H is equipped with its natural G-action. The third datum D is a Weil divisor on C whose coefficients are polyhedra. We say that D is a polyhedral divisor, see Definition 3.1 for a more precise description. Finally F represents the set of irreducible B-stable divisors on X which are not G-stable and which contain a G-orbit of X. It follows from a result of Sumihiro [Sum74] that any normal G-variety possesses a finite open covering by stable subsets which are simple G-varieties. Thus any horospherical G-variety of complexity one can be described by a triple (C, G/H, E ), where E is a colored divisorial fan which consists in a finite collection of colored polyhedral divisors, see Definition 3.1 for a precise description.
The goal of this paper is to compute explicitly the stringy motivic volume of X, which is assumed to be Q-Gorenstein with log terminal singularities, in terms of the combinatorial data (C, G/H, E ). Explicit combinatorial criteria in terms of (C, G/H, E ) of the Q-Gorenstein and log terminal conditions have been obtained in [LT16] from ideas coming from the case of torus actions, see [LS13] .
Before stating our results let us first recall briefly the construction of the stringy motivic volume. Let V be a normal Q-Gorenstein variety (which means that a canonical divisor K V is Q-Cartier) with log terminal singularities. By a result of Hironaka [Hir64] we may choose a resolution of singularities f : V ′ → V and we consider the relative canonical divisor
Then the stringy motivic volume of V is defined as the integral
The space L (V ′ ) is the arc space of V ′ and can be interpreted as the 'moduli space' of formal arcs Spec K[ The measure µ V ′ admits an explicit description on a class of subsets of L (V ′ ) called cylinders. Denote by π n the truncation morphism sending an arc of V ′ to its n-jet. A subset Z ⊂ L (V ′ ) is a cylinder if there exists n 0 ∈ N such that for any n ≥ n 0 , the subset π n (Z) is a constructible set in the space of n-jets of V ′ , and Z = π −1
n (π n (Z)). If d = dim V = dim V ′ , then the measure µ V ′ (Z) of the cylinder Z is defined as
It does not depend on the choice of the integer n ≥ n 0 . We know that the space L (V ′ ) is itself a cylinder, see [Gre66, Corollary 2] . The measurable subsets of L (V ′ ) are obtained as approximations of cylinders, see 2.11. The construction of the integral of a measurable function F : L (V ′ ) → Z with respect to µ V ′ is obtained as the sum (if it exists) of the series s∈Z µ V ′ (F −1 (s))L −s in the normed ringM C . Moreover the log terminal hypothesis on V implies that the integral of (1) converges in a ring extensionM C (L 1/k ) ⊃M C . It was shown in [Bat98] that the integral (1) does not depend on the choice of a resolution of singularities; this result is in fact a consequence of the transformation rule, which can itself be viewed as the 'change of variables formula' in motivic integration.
Let us mention few references on motivic integration. It first appears in [Kon95] and it was developed in the singular setting by Denef and Loeser, see [DL99] . Other generalizations have been obtained; see [Bat98] for a version involving stringy invariants, see [DL01a] for 'arithmetic motivic integration', see [Seb04] for motivic integration on formal schemes which contains motivic integration on a perfect field, and finally [Yas04, Yas06] for a construction in the setting of Deligne-Mumford stacks. A general approach including 'arithmetic and geometric' motivic integration and integrals with parameters is developed in [CL08] by Cluckers and Loeser. Finally, another approach using model theory of algebraic closed valued fields of equal characteristic 0 is given by Hrushovski and Kazhdan in [HK06] . In this paper we follow the conventions of [Bat98] and [Bli11] . We also refer to [DL01b, Cra04, Vey06, Loe09] for other expositions of this subject.
The stringy motivic volume E st (V ) of the variety V has a rational form in terms of the data of the chosen resolution (see 2.15). It realizes on the motivic stringy invariants of Batyrev [Bat98] . For instance we may consider the function E which to a virtual variety associates its Hodge-Deligne polynomial. As E st (V ) has a rational form, the stringy E-function (2.18) is obtained by the relation E st (V ; u, v) = E(E st (V )).
Similarly the stringy Euler characteristic (2.18) is e st (V ) = e(E st (V )).
Notice that when V is smooth, E st (V ; u, v), respectively e st (V ), coincides with the Hodge-Deligne polynomial, respectively the Euler characteristic of V , see Section 2.4. However in the general case these invariants are different. It is known (see [Bat98] ) that if E st (V ; u, v) = E(V ; u, v), then V does not have any crepant resolution of singularities. This phenomenon already appears for locally factorial horospherical varieties of complexity zero, see [BM13, Example 4.6 and 5.4].
As a classical example of the computation of the stringy E-function, let us consider the situation of toric varieties. This important example will later on help us motivate our results. Let X be a normal toric Q-Gorenstein variety defined by a fan Σ of a Q-vector space N Q = Q ⊗ Z N associated with a lattice N ∼ = Z r . Then it is known that X is log terminal. Here we identify M = Hom(N, Z) with the lattice of characters of the torus T acting on X. The Q-Gorenstein condition means that there exists a piecewise linear support function θ X : |Σ| → Q which takes values −1 on each primitive generator of the one-dimensional cones of Σ, where |Σ| denotes the reunion in N Q of all cones of Σ. The stringy motivic volume of X is given by the formula
and the E-function by
The formula (2) is proved in [BM13, Theorem 4.3] in the more general setting of Q-Gorenstein horospherical varieties of complexity zero. The formula (3) was initially obtained in [Bat98] using a characterization of stringy invariants via a resolution of singularities with smooth normal crossings exceptional divisors. We recall this in Section 2.4. The strategy which we use to obtain our main result is inspired from [BM13] that we divide into two parts. Let us recall it for the case of toric varieties. Let S be a C-scheme and R be a C-algebra. We denote by S(R) = Hom(Spec R, S) the set of R-points in S. We start by considering the set L (X)(K) of K-points in the arc space L (X) of X, where K is a field extension of C. The set L (X)(K) identifies with X(O), where
] is the affine scheme associated with the ring of formal series with coefficients in K. Moreover the torus T (O) acts naturally in X(O) ∩ T (K), where K is the fraction field of O, and X(O), T (K) are viewed as subsets of X(K). It has been observed in [Ish04] that the set of orbits of X(O) ∩ T (K) is in bijection with |Σ| ∩ N . See also [BM13] for a generalization to the case of horospherical varieties of complexity zero. Denote by C ν the functor of points of the orbit corresponding with ν ∈ |Σ| ∩ N . This first step gives us natural cylinders C ν of the arc space L (X).
The second step consists in studying the integral
and that the complement (of the associated functor of points) in L (X ′ ) has measure zero with respect to µ X ′ . Thus we obtain an equality
We conclude by computing explicitly each summand of the right-hand side. When adapting these two steps in the context of horospherical varieties of complexity one we encounter significant differences. For simplicity let us assume in our explanation that G = T is an algebraic torus and H = {e} is trivial. Thus we consider a normal Q-Gorenstein T -variety X of complexity one with log terminal singularities. We denote by (C, T, E ) the combinatorial data associated with X. The first step is modified as follows. The variety X contains an open subset of the form Γ × T , where Γ ⊆ C is open dense subset. Thus comparing with the toric setting it is natural to consider the action of T (O) on
However when we follow the almost similar approach of Ishii [Ish04] we find uncountably many T (O)-orbits. To solve this problem we cut the set (5) in two disjoint pieces; the subset of horizontal arcs and the subset of vertical arcs. Thus we obtain a partition of the set (5) by parts C (y,ν,ℓ) which are T (O)-stable and indexed by a countable set |E | Γ ∩ N combinatorially determined by E . The second step consists in checking that C (y,ν,ℓ) is measurable, see Lemmas 4.16 and 4.17, and to compute
where X ′ is obtained by an explicit desingularization determined by E , see Section 5.3. It is important to notice that the function θ X : |Σ| → Q introduced above in the toric setting is a support function of a torus-invariant canonical divisor. This analogy between support functions and Cartier Q-divisors persists for horospherical varieties of complexity one, see Section 5.2. However it is not possible, adapting the proofs in [BM13] , to obtain directly a version involving the support function of an invariant canonical divisor. Instead we need to introduce an auxiliary function ω X , see PropositionDefinition 5.11. This function ω X does not define in the usual sense a Cartier Q-divisor, as shown by the example of the hypersurface
. This hypersurface appears in [LS13] . We specify the computation of the E-function of this example in Section 6.1. It will be interesting to find a natural geometric interpretation of the auxiliary function ω X .
Our main result can be stated as follows.
Theorem 1.1. Let X be a Q-Gorenstein horospherical variety of complexity one with log terminal singularities. Consider the combinatorial data (C, G/H, E ) describing X. Assume that Γ ⊂ C is a dense open subset which does not contain any special point (see Definition 3.13). Then the stringy motivic volume is given by
Let us give a brief summary of the contents of each section. In the second and third sections, we introduce notations from motivic integration and horospherical varieties that we use throughout this paper. In the fourth section, we study the arc space of a horospherical variety of complexity one. To do this we proceed into two steps. First, we give a description in the case where the acting group is an algebraic torus, this corresponds to Sections 4.1 and 4.2. The last step concerns the general case where we reduce to the case of torus actions by parabolic induction. We believe that the study in the first step, independently, might be interesting for the study of singularities of T -varieties.
In the fifth section, we prove our result which is the calculation of the stringy motivic volume of a log terminal horospherical variety X of complexity one. One of the main ingredients of the proof is the construction of an explicit desingularization by combinatorial methods of the variety X. This construction is explained in Section 5.3. Then we give a precise description of the rational form of the stringy motivic volume in term of the function ω X . In the last section, we provide examples and applications of our main result. In particular for the part concerning applications, we express the stringy Euler characteristic in a simple formula for a certain class of log terminal horospherical varieties of complexity one, see Lemma 6.1. This allows us for this class to characterize the smoothness condition in terms of the stringy Euler characteristic, see Theorem 6.4.
Convention
In this paper a variety will be an integral separated scheme of finite type over the field of complex numbers C. If X is a variety, then we denote by C[X] (resp. C(X)) its algebra of regular global functions (resp. its field of rational functions). Here an algebraic group G is a reduced affine group scheme of type over C. In particular, G is generally not connected. We denote by X(G) the character group of G which consists of morphisms of algebraic groups from G to C ⋆ . Subgroups of algebraic groups are assumed to be Zariski closed. A G-variety is a variety equipped with an algebraic action of the algebraic group G. If X is a G-variety, then G acts naturally as a linear representation on C[X] and C(X).
Arc spaces and motivic integration
The concept of motivic integration was invented by Kontsevich [Kon95] to show that birationally equivalent Calabi-Yau manifolds have the same Hodge numbers. He constructed a motivic measure on the arc space of an algebraic variety. This measure takes values in some localization and completion of the Grothendieck ring of complex algebraic varieties K 0 (Var C ). This ring is generated by isomorphism classes of algebraic varieties with some scissors relations. In particular, if X is an algebraic variety, then its class [X] in K 0 (Var C ) contains all the additive and multiplicative invariants of X, and it is simply called the motive of X. Furthermore if X is smooth, then the motivic volume µ X (L (X)) of the arc space of X is equal to [X] .
The theory of motivic integration was developed by Batyrev in the smooth case [Bat98] and by Denef and Loeser [DL99] in full generality. In this section we sketch the construction of this measure. In 2.1 we recall the definition of the arc space of an algebraic variety. In 2.2 we define the Grothendieck ring of varieties K 0 (Var C ). In 2.3 we give an introduction to the motivic measure on the arc space of a smooth variety. Finally in 2.4 we present the stringy invariants of Batyrev for log terminal varieties. We refer to the surveys [DL01b, Loe09, Vey04, Bli11].
2.1. The arc space of a variety. Here we introduce the m-jet scheme of arcs of a variety X and its arc space. Let Set be the category of sets and Sch C be the category of schemes over C. Let m ∈ N be an integer. The functor
is represented by a C-scheme L m (X) of finite type (cf. [BLR90] , p. 276) which is unique up to isomorphism. This means that for any scheme S in Sch C we have a bijection
induced by the Weil restriction morphisms
are affine (cf. [DL99, Lemma 2.8 and 4.1]). Hence the projective limit
is well-defined in Sch C . This scheme is called the arc space of X. If S is a scheme over C, by definition of L (X) we have the functorial property
where
, an element of L (X)(K), is called a K-valued (formal) arc of X. Because of the functoriality property (7), the K-points of L (X) may be interpreted as elements of Hom
We have truncation morphisms
. These morphisms commute with the transition morphisms:
From now on we will consider the jet spaces L m (X) and the arc space L (X) with their reduced structure. A point γ ∈ L (X) can be viewed as a formal curve as follows. Let k γ be the residue field of γ ∈ L (X). It is a field extension of C. Consider the morphism in Hom Sch C (Spec k γ , L (X)) with image γ. By the functorial property of L (X) it corresponds to a uniqueγ : Spec k γ [[t] ] → X, which we call the arc associated with γ.
2.2. The Grothendieck ring K 0 (Var C ). In this section and below we sketch the construction of the motivic volume on the arc space of a smooth variety X over C. The motivic volume will take values in a localization and completion of the Grothendieck ring of the category Var C of reduced separated schemes of finite type over C.
Definition 2.1. The Grothendieck ring K 0 (Var C ) of Var C is the ring generated by the symbols [S] for any object S in Var C , subject to the relations:
• We will denote by L the class of the affine line A . However we will see that L is not nilpotent.
Definition 2.4. Let R be a ring. An additive and multiplicative invariant on Var C is a map λ :
It follows from the definitions that the map [ · ] : Var C → K 0 (Var C ) is universal : for each additive and multiplicative invariant λ there is a unique ring morphismλ :
The morphismλ is called a realization morphism. In particular, in some sense, for any variety the class [X] contains all the additive and multiplicative invariants of X and can be called for that reason motive.
Example 2.5. The Euler characteristic e : Var C → Z defined by
is an additive and multiplicative invariant. Here H n c (X; C) is the n-th cohomology group with compact support of X. In particular its realization mapẽ :
which shows that L is not nilpotent. In the sequel, we will simply denote by e the realization mapẽ.
Example 2.6. If X is a variety of dimension d, its E-polynomial or Hodge-Deligne polynomial is defined by 
For instance the E-polynomial of the line A 1 C is uv. Remark 2.7. Since L is not nilpotent we may localize K 0 (Var C ) with respect ot L. The motivic measure will take values in the completion of this localization with respect to a filtration defined below.
Definition 2.8. By convention we set the dimension of the empty variety to be −∞. An element Γ in
, where a i ∈ Z and the X i are varieties of dimension ≤ d, and if it cannot be written in such a way that dim X i ≤ d − 1 for all indices i. Thus there is a well-defined map
• We denote by
with respect to L. The dimension map dim extends to a map from M C to Z ∪ {−∞} by setting dim L −1 = −1.
• On M C we define an increasing filtration by subgroups:
We will denote byM C the completion of M C with respect to this filtration.
Remark 2.9. The E-polynomial extends to a map from
Remark 2.10. In fact the completionM C is also the completion with respect to the non-archimedean norm . defined by composing the dimension map M C → Z ∪ {−∞} with the exponential map exp from Z ∪ {−∞} to R + .
2.3.
Motivic integration on the arc space of a smooth variety. In this section X is a smooth d-dimensional variety. We will say that a subset S of a variety Y is constructible if it is a finite union of locally closed subvarieties of Y . We now introduce a family of subsets of the arc space L (X) on which the motivic measure can be explicitly defined. A subset C of the arc space L (X) will be called a cylinder or a stable set if there exists an integer m 0 such that for any m ≥ m 0 , the set π m (C) is constructible in L m (X), and C = π −1 m (π m (C)). We call the set π m (C) the m-basis of C. Note that L (X) itself is a cylinder (cf. [Gre66, Corollary 2]). Cylinders will constitute a basis of measurable sets for the motivic measure. If C is a cylinder we set
for any m ≥ m 0 . This does not depend on the choice of m ≥ m 0 since if m ≥ ℓ ≥ 0, the map
is a piecewise trivial fibration with fiber
We also define a larger family of subsets which are measurable for the motivic measure. These sets are 'approximations' of cylinders. 
and dim µ X (D m,i ) ≤ −m for any i. Note that the family of measurable subsets is an algebra of sets. If C is a measurable subset the limit µ X (C) := lim m→∞ µ(C m ) exists inM C . It is independent of the choice of the cylinders C m and D m,i (cf. [Bat98, DL99] , [DL02, Appendix] , and [Bli11] for a survey). We call it the motivic measure of C.
Let us introduce an important example of a measurable function.
Example 2.14 ([Bli11, Section 2.4]). Let Y be a proper closed subscheme of X defined by the sheaf of ideals
. We define the order of γ along Y as
The function ord Y is measurable and the set ord
We may generalize this construction to define the order function of a Q-divisor.
, where a i ∈ Q and the D i are prime divisors. We define
for an arc γ ∈ L (X). If any of the ord Di (γ) is infinite we set ord D (γ) := ∞. As before the function ord D is measurable and the set ord
), then we say that L −F is integrable, and we define
2.4. Stringy invariants of varieties with log terminal singularities. We introduce in this subsection some of our main objects of study, the stringy motivic volume E st , the stringy E-function and the stringy Euler characteristic of log terminal algebraic varieties. Let X be an irreducible normal Q-Gorenstein variety, namely X is a normal variety and that a (thus any) canonical divisor K X is Q-Cartier. We say that a morphism of varieties f : X ′ → X is a resolution of singularities if X ′ is smooth, f is birational and proper, and the exceptional locus is the reunion of finitely many normal crossings irreducible smooth divisors. By Hironaka's theorem [Hir64] such resolutions exist.
Choose such a resolution of singularities f : X ′ → X and denote by (E i ) i∈I the irreducible components of the exceptional locus of f . If K X (resp. K X ′ ) is a canonical divisor of X (resp. of X ′ ) we define the relative canonical divisor as
The multiplicities ν i will also be denoted by ν(E i ). By [KM98, Remark 2.23], if f ′ : Y ′ → X is an other birational morphism and E ′ ⊂ Y ′ is an irreducible component of the exceptional locus such that the valuation v E ′ is equal to the valuation v Ei for some i ∈ I, then the multiplicities ν(E i ) and ν(E ′ ) are equal. We call divisor over X, any irreducible component of the exceptional locus of some birational morphism to X. The rational number discrep(X) := inf E {ν(E) | E is a divisor over X} is called discrepancy of X. We say that X is (purely) log terminal if discrep(X) > −1. For every subset J ⊂ I we write E
15. Let X be a normal Q-Gorenstein algebraic variety with log terminal singularities. Let f : X ′ → X be a resolution of singularities of X and let (E i ) i∈I be the set of irreducible components of its exceptional locus. For any i ∈ I we denote by ν i the multiplicity of K X ′ /X along E i . The stringy motivic volume E st (X) is usually defined following [Bat98] as
where m is the g.c.d of the denominators of the ν i , and by definition:
The theorem below follows from the appendix of [Bat98] :
Theorem 2.16. The stringy motivic volume is equal to
and does not depend on the resolution f : X ′ → X of the singularities of X.
(ii) Denef and Loeser proposed in [DL02] (see also [Yas04] ) an intrinsic point of view of E st (X) in the Gorenstein case. Suppose X be log terminal Gorenstein normal with dimension d. Then there exists a differential form
with the respect to the motivic measure µ X of Denef-Loeser defined in [DL99] and
In this form the stringy motivic volume does not depend on the choice of a resolution. The change variable formula of Kontsevich (see [DL99, Section 3]) gives the connection with the integral formula of Batyrev.
From E st (X) we can deduce two new invariants for normal algebraic varieties with at worst log terminal singularities.
Definition 2.18. The E-function of a log terminal variety X is
The stringy Euler characteristic of X is
where e(E J ) = E(E J ; 1, 1) denotes the usual Euler characteristic.
When X is smooth this definition coincides with the definition of the E-polynomial E(X; u, v) in Equation (9).
Horospherical varieties of complexity one
In this section we recall some notions we need to study horospherical varieties of complexity one and describe them from combinatorial data, see [Tim11, Section 16], [LT16] . Section 3.1 deals with the general case of horospherical group actions of reductive groups in normal varieties with arbitrary complexity. In particular we recall the definition of germs, colors, and charts. Following [Pas08] , we also explain how horospherical homogeneous spaces are parametrized. In 3.2 we focus on the classification of normal G-varieties of complexity one from [Tim97] , specialized to the horospherical case. We adopt there the language of colored polyhedral divisors -and colored divisorial fans in 3.3. When the group G is an algebraic torus, this corresponds to the theory developed in [AH06, AHS08] .
Throughout this section we let G be a connected simply connected reductive algebraic group over C and B be a Borel subgroup. By 'G simply connected' we mean that it is the direct product of an algebraic torus and of a simply connected semisimple algebraic group. Fix a decomposition B = QU , where Q is a maximal torus and U a maximal unipotent subgroup.
3.1. Horospherical transformations. The complexity (cf [Vin86] ) of an action of G on a variety Y is the transcendence degree over C of the field extension C(Y )
B of C, where we denote by C(Y ) B the subfield of B-invariant rational functions on Y . From [Ros63] we know that the complexity is the minimum of the codimensions of the B-orbits in Y .
We say that the action of G on Y is horospherical if for any x ∈ Y (or equivalently, for a generic x ∈ Y , see [Tim11, Remark 7.2]), the stabilizer G x of x contains a maximal unipotent subgroup of G. If, moreover, Y is normal we say it is a horospherical variety.
The simplest example of a horospherical variety is a horospherical homogeneous space, that is, a horospherical variety of the form Y = G/H, where H is a closed subgroup of G containing a maximal unipotent subgroup and G acts by left multiplication. The subgroup H is called a horospherical subgroup. Note that due to the Bruhat decomposition the complexity of a horospherical homogeneous space is always zero.
More generally, an embedding of a horospherical homogeneous space G/H (or a G/H-embedding when one needs to emphasize the homogeneous space G/H) is a pair (X, x) such that X is a normal G-variety containing x, the orbit G · x of x is open, and the stabilizer G x of x is H. For brevity, in the sequel we will denote an embedding of G/H simply by X, omitting the point x ∈ X which is attached to it.
Description of the horospherical subgroups of G. Let Φ be the set of simple roots of G with respect to (B, Q). Let W = N G (Q)/Q be the Weyl group of (G, Q). We denote by s α ∈ W the simple reflection associated with α ∈ Φ and byṡ α a lift of s α to G. For every w ∈ W the length of w is the minimal number of simple reflections required to express w as a product. We also denote by w 0 the longest element of W . If I is a subset of Φ we letẆ I be the subgroup of G generated by the lifts of simple reflectionsṡ α for α ∈ I, and P I be the parabolic subgroup generated by B andẆ I . The map I → P I between subsets of Φ and closed subgroups of G containing B is bijective.
By [Pas08, Proposition 2.4], there is a bijection between subgroups H of G containing U and pairs (M, I), where:
• M is a sublattice of the character group X(Q) of the torus Q, • I is a subset of the set Φ of simple roots, subject to the property that for any simple root α ∈ I, the associated co-root α ∨ satisfies m, α ∨ = 0 for any m ∈ M . The bijection is constructed as follows.
First, we consider the normalizer N G (H) of H in the group G. It is a parabolic subgroup P = P I , where I ⊂ Φ. The subset I constitutes the first part of the data parameterizing H. Now the quotient T := P/H is an algebraic torus, and our second data M is the character lattice of T .
Geometrically the pair (M, I) parameterizing H can be interpreted as follows. The natural projection p : G/H → G/P is a torus fibration with fiber T . The set Φ \ I corresponds to the indexing set for the Schubert divisors of G/P . More precisely, we denote by X α = Bẇ 0ṡα P/P the Schubert divisor associated with the simple root α ∈ Φ \ I.
Germs, colors, and charts. Let Y be a horospherical G-variety and 3.2. Colored polyhedral divisors. In this subsection we consider a horospherical variety of complexity one. From the previous paragraph we know that it is G-equivariantly birational to a direct product Z = C × G/H, where C is a smooth projective curve and H is a horospherical subgroup of G. Here we introduce some combinatorial data which describes all the models of Z. We refer to [Tim11, Theorem 3.5] and [AH06] .
Recall that the horospherical subgroup H is associated with a unique pair (M, I), where M is a sublattice of the character lattice X(Q), and I is a subset of the set Φ of simple roots. Let N denote the dual lattice Hom(M, Z) and M Q and N Q denote the dual associated vector spaces Q ⊗ Z M and Q ⊗ Z N .
If σ ⊂ N Q is a polyhedral cone we define its dual σ ∨ ⊂ M Q by the equality
The polyhedral cone σ is strongly convex (i.e. {0} is a face of σ) if and only if its dual σ ∨ generates M Q . Note that (σ ∨ ) ∨ = σ. Let us recall the notion of polyhedral divisors (introduced in [AH06] ), specialized to the complexity one case.
Definition 3.1. Let σ be a strongly convex polyhedral cone in N Q and C 0 be a smooth curve.
(1) A σ-polyhedral divisor on C 0 is a formal sum
where ∆ y ⊂ N Q is a σ-polyhedron (that is, the Minkowski sum of the cone σ and a non-empty polytope Π ⊂ N Q ), with the property that ∆ y = σ for all but finitely many y ∈ C 0 . The set of special points of D, denoted by Sp(D), is the set
The cone σ will be called the tail of D and the curve C 0 will be called its locus. 
This is a Q-divisor on the curve C 0 .
Definition 3.2.
(1) For any subsemigroup S of (M, +), let us denote by
Cχ m the C-algebra generated by the elements χ m for m ∈ S, subject to the relations χ m ·χ
(2) Let D be a polyhedral divisor as before. The associated M -graded algebra of D is defined as the subalgebra
where ⌊D(m)⌋ stands for the integral Weil divisor obtained by taking the integral part of each coefficient of D(m).
In the next paragraph, we introduce the notion of properness of a polyhedral divisor D. This condition ensures that the associated algebra A(C 0 , D) and C(C 0 ) ⊗ C C[M ] have the same field of fractions.
Definition 3.3. Let σ be a strongly convex polyhedral cone in N Q and C 0 be a smooth curve. A σ-polyhedral divisor D is proper if either C 0 is affine, or it is projective and the two following conditions are satisfied:
The next definition introduces the coloration map ̺ associated with the horospherical homogeneous space G/H. Theorem 3.6. Let G be a connected simply connected reductive algebraic group and H be a horospherical subgroup associated with a pair (M, I). Let Z = C × G/H, where C is a smooth projective curve.
We now give the main ideas of the construction of the G-variety X(D) in the first part of Theorem 3.6.
Denote by P F the parabolic subgroup of G containing the Borel subgroup B and corresponding to the set of roots
Let L be the Levi subgroup of P F containing the maximal torus Q and B L be the Borel subgroup of L containing Q such that I F is the set of simple roots of L with respect to (
where V (m) denotes the irreducible rational representation corresponding to m ∈ X + (Q) ∩ M . This graduation is also a C-algebra graduation (cf [Tim11, Proposition 7.6]).
Since by definition of (D, F ) we have ̺(F ) ⊂ σ, it follows that σ ∨ ⊂ X + (Q). Thus we may define a subalgebra of
To conclude, consider the parabolic induction:
Let us illustrate the parabolic induction process explained in the preceding paragraph with the following example. Note that this process for horospherical homogeneous spaces can be translated into a localization of spherical systems. This is a special case of [Gag15, Proposition 3.2].
Example 3.7. Let G = GL 4 (C) with Borel subgroup the subgroup of upper triangular matrices and maximal torus the subgroup of diagonal matrices. We consider the horospherical subgroup
associated with the parabolic subgroup
and the lattice M = X(T ), where
The indexing set I associated with P is Φ \ {α 2 } = {α 1 , α 3 }, where the α i = e i − e i+1 are the simple roots of G , expressed in the canonical basis of C 4 . Let L be the Levi subgroup of P described above:
Then clearly the subgroup
The indexing set corresponding to the parabolic subgroup L is {α 1 , α 3 } = I, so the pair associated with L/H L is the same as the pair associated with G/H.
Remark 3.8. For a colored polyhedral divisor (D, F ), there is a geometric description of F , namely
where we see the elements of F G/H as colors on X(D). It is a consequence of the description in terms of 'colored data' in [Tim11, Section 16].
A more conceptual construction of the simple G-models X(D) was initially given in [Tim97] , generalizing the approach of [LV83] in complexity one. Let us recall here how this construction relates to the one explained above.
First we introduce the scheme of geometric localities (cf. [LV83, Section 1] for more details).
Definition 3.9. Let Y be a horospherical G-variety. A locality of C(Y ) is a local ring R p , where p ⊂ R is a prime ideal in a subalgebra R of C(Y ) of finite type, such that the fraction field of R is C(Y ). The set of localities S(Y ) is naturally endowed with a C-scheme structure, and it is called the scheme of geometric localities. It can be interpreted as the geometric object obtained by 'gluing all the varieties birational to Y '. We denote by S G (Y ) ⊂ S(Y ) the maximal normal open subset where the G-action (induced by the G-action on C(Y )) is a morphism of C-schemes; we will call it the equivariant scheme of geometric localities.
Thus according to the previous definition, a G-model of a horospherical G-variety Y is nothing but a G-stable separated open dense subset of S G (Y ) of finite type over C. Now we consider a horospherical G-variety of the form Z = C × G/H, where C is a smooth projective curve and H is a horospherical subgroup. We introduce two further ingredients involved in the construction of the scheme of geometric localities, namely, the hyperspace N Q associated with Z and the hypercone of a polyhedral divisor.
Definition 3.10. The hyperspace N Q is the set C × N Q × Q ≥0 modulo the equivalence relation
Geometrically, it may be viewed as the disjoint union over C of all upper half-spaces N Q × Q ≥0 glued along their boundary N Q × {0}. Since an element (y, ν, 0) ∈ N Q does not depend on y ∈ C, in the sequel we will denote it by (C, ν, 0). We also denote by N ⊂ N Q the subset of integral points
is defined as the cone generated by the subsets σ × {0} and ∆ y × {1} in N Q × Q ≥0 .
The hypercone associated with D is the subset C(D) ⊂ N Q defined by Let us now consider the morphism X(D) → G/P F induced by the projection to the first factor in Equation (12), whose fibers are isomorphic to Y (D, F ). The inverse image of the open B-orbit By 0 of G/P F is a B-chart which we denote by X 0 . This B-chart intersects all the G-orbits in X(D). Note that By 0 is isomorphic to the affine space A r C , where r = dim G/P F . Since the fibration restricted to By 0 is trivial, the chart X 0 is identified with Y (D, F ) × A r C . The ring of functions on X 0 can be described as (13)
where v D is the valuation associated with the divisor D ∈ F and O vD , O v(ξ) are the valuation rings respectively of v D and v(ξ).
Remark 3.11.
(1) Equation (13) 
where s = dim G/P I and P I = N G (H). In addition
Here r ≤ s.
The variety X(D) is a reunion of G-orbits
Thus Equations (13) and (14) yield another more conceptual construction of the G-variety X(D) (cf. [Tim11, Section 16]). From now on we will identify X(D) with an open subset of S G (Z).
3.3. Colored divisorial fans. Here we introduce the combinatorial objects describing the horospherical G-varieties of complexity one. The idea is to consider 'fans of colored polyhedral divisors' (called later colored divisorial fans) in order to describe these varieties as a gluing of simple G-models. 
is an open dense subset, and F i ⊂ F G/H , are subject to the following conditions.
where the intersection is defined as
and the curve C i,j by the equality 
where σ i , σ j are the respective tails of
To any colored divisorial fan E one can attach some combinatorial objects as follows.
Definition 3.13. The set See 3.1 for the definition of Sp(D). We denote by Σ(E ) the tail fan of E , which is the fan generated by all the tails σ of polyhedral divisors D with (D, F ) ∈ E .
When G = T is a torus, we write
and as in [AHS08, Definition 5.2] we say that E is a divisorial fan. The following result provides a description of horospherical varieties of complexity one in terms of colored divisorial fans. Let us now recall the construction of the discoloration morphism associated with a colored divisorial fan (cf. [LT16, Section 2.2]). This construction was inspired from the case of spherical varieties in [Bri91, Section 3.3]. It will allow us to provide specific equivariant desingularizations of X(E ) in a combinatorial way. If E is a colored divisorial fan, we denote by
The set E dis is a colored divisorial fan with trivial coloration. For any (D, F ) in E (respectively (D, ∅) in E dis ) we consider X 0 (respectively X dis ) the B-chart associated with (D, F ) (respectively with (D, ∅)). The inclusions of C-algebras
Writing P = P I = N G (H), T = P/H and M = X(T ), we define the T -variety associated with E by
where S T (C × T ) is the T -equivariant scheme of geometric localities of C × T , and A(C i , D i ) denotes the M -graded algebra associated with D i (see Definition 3.2). From [LT16, Proposition 2.9] it follows that X(E dis ) is G-isomorphic to G × P V (E ), where P acts on V (E ) via the canonical surjection P → T .
4. The arc space of a horospherical variety of complexity one
The purpose of this section is to obtain a precise description of the arc space of a horospherical variety X of complexity one in order to compute their stringy E-functions via motivic integration in Section 5.
From Section 2.1 we know that an arc α in L (X) uniquely defines a K-valued pointα in L (X) for some field extension K of C depending on α. Let O K be the ring of power series in one variable with coefficients in K, and K K be the fraction field of O K . We also denote by 0 and η the closed and generic point of Spec O K , respectively. In this section, we will describe the sets of K-valued points of L (X) -that is, the sets X(O K ) -for all field extensions K of C. So from now, we fix an extension K of C and simply denote O and K for O K and K K .
Our strategy is to restrict ourselves to the study of a subset L Γ (X) of L (X) which has the same motivic measure as L (X), and which we decompose into horizontal and vertical arcs, see 4.1 for the case of affine T -varieties of complexity one. We also detail the two subsets further by looking at the T (O)-orbits in X Γ := L Γ (X)(K). We extend this decomposition to general T -varieties of complexity one in 4.2. In 4.3 we generalize our results to all horospherical G-varieties of complexity one. We give a parametrization of the G(O)-orbits in Theorem 4.14. Finally, we show in 4.4 that these L (G)-orbits in L Γ (X) are cylinders, hence measurable, and we compute their motivic measure in Theorem 4.19.
Notation 4.1. Throughout this section we let E be a colored divisorial fan on (C, G/H), where C is a smooth projective curve and G/H is a horospherical homogeneous space. We denote by P the parabolic subgroup N G (H) ⊂ G, by T the torus P/H, by M := X(T ) its character lattice, and by N := Hom(M, Z) the dual of M . We write M Q and N Q for the associated Q-vector spaces. The symbol F G/H stands for the set of colors of G/H.
We denote by (D i , F i ) i∈J the colored polyhedral divisors in E , and for any i ∈ J, we write
where C i ⊂ C is open dense, and we let σ i be the tail of D i . We let Γ be an open dense affine subset of C which does not contain the subset Sp(E ) of special points of E .
Finally, we let X := X(E ) be the G-variety associated with E .
4.1. Horizontal and vertical arcs. We place ourselves in the situation of Notation 4.1, and we also assume that G = T is a torus, H = {e} is trivial, and the colored divisorial fan E consists in a single colored divisor D with affine locus C 0 containing Γ and tail σ. Following the construction after theorem 3.6, X is the affine T -variety Spec A(C 0 , D). Note that the curve C 0 is identified with the good quotient X / / T since C[C 0 ] is the subalgebra of T -invariant of A(C 0 , D). We will describe a decomposition of the arc space of X. We denote by X σ the toric variety Spec C[σ ∨ ∩ M ] associated with the cone σ. The subset Γ × X σ is a dense open T -stable subset of X, and it contains another dense open T -stable subset of X, namely Γ × T . Define
where X(O) and (Γ × T )(K) are both viewed as subset of X(K). Here the image of η is a schematic point of Γ × T . Instead of studying the whole arc space L (X), for purposes of motivic integration we may restrict ourselves to studying the following particular subspace.
. Indeed, its complement in L (X) corresponds to the arc space of X 1 := X \ (Γ × T ) via the closed immersion X 1 ֒→ X, which has zero measure by Remark 2.12.
Hence for our purposes we may study
where The following lemma is well-known. However, for the sake of completeness we give a short proof here.
Lemma 4.4. With notation 4.1, the following statements are equivalent. Let w : C(X) ⋆ → Q be a T -invariant discrete valuation.
(i) The restriction w | C[X]\{0} is non-negative.
(ii) There exists (y, ν, ℓ) ∈ C(D) such that for any homogeneous element f ⊗ χ m in C[X], we have
Hence if α ∈ X Γ is an arc, then the triple (y α , ν α , ℓ α ) defined above is a point of the hypercone C(D)∩N .
Remark 4.5. In the sequel, we will use the notation w = ℓ ord y +ν for the valuation associated with a point (y, ν, ℓ) of the hypercone C(D) ∩ N . Without loss of generality we may assume that w = ord y +ν for some y ∈ C and ν ∈ N Q . Assume by contradiction that ν ∈ ∆ y . Define a new σ-polyhedral divisor
and ∆ y (0) denotes the set of vertices of the σ-polyhedron ∆ y . If y ∈ C 0 , then we set ∆ y = ∅ in the preceding formula. Clearly
Finally the last claim in the lemma is an immediate consequence of the rest of the lemma.
We now state a similar result for the subset X ver .
Lemma 4.9. Let α be an arc in X ver and π ∈ C(C) ⋆ be a uniformizer of y α . There exists a one-to-one correspondence between
and the set of pairs (ω, u), where
The correspondence is given by
where R β is the function from Remark 4.3. It identifies the fiber X ver,α with the product
Proof. Let us first prove the surjectivity of the correspondence. Fix a pair (ω, u) ∈ T (O) . Extending it to the fraction field we obtain an homomorphism C(C 0 ) → K. Finally, let us denote by λ the restriction of the previous morphism to C [Γ] . We define an arc β ∈ X ver by settinḡ
The arc β is in X ver since ℓ β = ℓ = 0 and
Let us now prove that the correspondence is injective. It is enough to check that for β ∈ X ver , the map λ : C[Γ] → K introduced above is uniquely determined by ℓ = ℓ β , y = y β , and R β (π), where π ∈ C(C) .16] we see thatλ is the unique morphism sending π to t ℓ R β (π). We conclude by noticing that λ is uniquely determined byλ, which proves the injectivity.
Let us now conclude the proof by checking Equation (17). The direct inclusion of val(X ver ) has been proved by combining Lemmas 4.4 and 4.7. For the other inclusion, consider (y, ν, ℓ) ∈ C(D)∩N with y ∈ C 0 \ Γ and ℓ = 0. Choose a uniformizer π of y and consider the unique morphismÔ y = C[[π]] → O which sends π to t ℓ . By the same argument as before it implies the existence of a morphismβ
hence the existence of an arc β ∈ X ver such that val(β) = (y, ν, ℓ).
Remark 4.10. Via the correspondence of Lemma 4.9, the T (O)-action on the fiber X ver,α identifies with the action by left multiplication on the first factor of the product
4.2. The arc space of a normal T -variety of complexity one. In this section we generalize the results of the previous section to the non-affine case. Our setting is that of Notation 4.1 and we assume furthermore that G = T is a torus and H = {e} is trivial. We want to describe the arc space of X in terms of the arc spaces of the affine charts X(D) for polyhedral divisors D ∈ E . However, some of these polyhedral divisors may have non-affine loci, see Definition 3.1. So to apply the preceding results, we need to replace X with a T -birationally equivalent varietyX associated with a divisorial fanẼ such that all the polyhedral divisors inẼ are defined on open dense affine subsets of C. Furthermore we require the important property that the birational map X X be a proper morphism. We describe this process below and call it affinization. 
From [AH06, Theorem 3.1] it follows that the inclusions of C-algebras
As in Section 4.1, we introduce a morphism val defined on X Γ . The image of this morphism will be contained in a particular subset of the hyperspace N Q , namely
Clearly this subset is the same for the divisorial fan E and its affinizationẼ , i.e. |E | Γ = |Ẽ | Γ . The next result extends Lemmas 4.8 and 4.9 to the T -variety X.
Proposition 4.12. Let E be a divisorial fan on (C, T ) and write X = X(E ). Consider a dense open subset Γ ⊂ C which does not contain any special point. Denote by X Γ the sets of K-valued formal arcs on X whose generic point is contained in the open subset Γ × T of X. There exists a surjective map
where |E | Γ is as in Equation (19), and N as in Definition 3.10. Moreover
Proof. Recall the proper birational morphism q :X → X from Equation (18). The first step of the proof is to check that we may identify the space X Γ with
We know that q | Γ×T is the identity map. Write 
, so that we can indeed identifyX Γ and X Γ . Hence we will assume in the rest of the proof that E =Ẽ .
Let us now prove that val is well-defined and surjective. Clearly the arc space has the following covering
where X(D) Γ := {α ∈ X Γ | α(0) ∈ X(D)}. After fixing a uniformizer for each point of C \ Γ, the maps
are well-defined and surjective by a combination of Lemmas 4.8 and 4.9. Moreover they are clearly compatible and glue into val. Finally the description of the fibers of val is a consequence of Lemma 4.8 when ℓ α = 0 and of Lemma 4.9 when ℓ α ≥ 1.
This concludes our decomposition into T (O)-orbits of the arc space of a T -variety of complexity one.
4.3. The general case. Let us now treat the case of a horospherical G-variety X of complexity one. We start by recalling the complexity zero case.
Let H be a closed subgroup of G containing the unipotent radical of B. We write P = N G (H) and we denote by I ⊂ Φ the subset of the set of simple roots parameterizing P . We also consider T := P/H, M := X(T ) the character group of the torus T , and Let us sketch the construction of the map V. After discoloring, using the valuative criterion of properness we may assume that Y = G × P Y Σ , where Y Σ denotes the T -variety corresponding to the (uncolored) fan Σ. Since T = P/H ⊂ G/H, the closure Y Σ =T embeds into Y . We have a commutative diagram:
where the map Ψ comes from [Ish04, Corollary 4.3]. Let us denote by C ν the fiber over ν ∈ |Σ| ∩ N of Ψ. The map V extends Ψ in such a way that Ω ν is the unique G(O)-orbit containing C ν . The following theorem, which deals with the complexity one case, is the main result of this section. We use the setting of Notation 4.1.
Theorem 4.14. Let C be a smooth projective curve and G/H be a horospherical G-homogeneous space. Write X := X(E ), where E be a colored divisorial fan on (C, G/H). Consider a dense open affine subset Γ of C such that Γ ∩ Sp(E ) = ∅. Denote by X Γ the set of K-valued formal arcs on X whose generic point is contained in the open subset Γ × G/H of X. There exists a surjective map
and N , N Q are as in Definition 3.10. Moreover it satisfies
where the Ω να are as in Theorem 4.13.
Proof. Our first step is to modify X via proper birational transformations. We start by discoloring X using the proper birational map π dis : X dis → X from Equation (15). We have a decomposition X dis = G× P V (E ), where V (E ) is defined in Equation (16) and P = N G (H). Then we replace the colored divisorial fan E with another colored divisorial fanẼ using the map q introduced in Equation (18). Thus we finally obtain a proper birational morphism
which restricts to the identity on Γ × G/H. By the valuative criterion of properness, it is equivalent to consider arcs on X or on G × P V (Ẽ ), so from now on we assume X = G × P V (Ẽ ). Next we compare X Γ with
By construction of X = G × P V (Ẽ ), the closure of Γ × T embeds in X and identifies with V (Ẽ ). The variety V (Ẽ ) will play the same role as Y Σ in Equation (21). We have a map
which is the map val from Proposition 4.12.
From the proof of [BM13, Theorem 3.1] we obtain a map
which is constant on the G(O)-orbits and whose restriction to T (K) ⊂ (G/H)(K) is constructed from the standard valuation map ord :
We use it to build part of a map from (Γ × G/H)(K) to N , which we will then restrict to X Γ .
To get the other part of the map, as in Remark 4.3 we think of an element α ∈ Γ(K) as associated with a pair (y α , ℓ α ), where
where ν β = V(β). By construction this map restricted to V (Ẽ ) Γ is simply Ψ, and it is constant on the G(O)-orbits. Let us now study the restriction of val to X Γ , which we denote again by val. It is a well-defined map val : X Γ → N . Consider the quotient map ϕ : X → G/P and the corresponding map X(O) → (G/P )(O) on the set of O-valued points. We denote by
the restriction to X Γ . It extends to the natural map
Since (G/P )(K) = (G/P )(O) by the valuative criterion of properness, the image ofφ ∞ is in fact contained in (G/P )(O), which is equal to G(O)/P (O) by the local triviality of the quotient map G → G/P . Moreover the map ϕ ∞ is G(O)-equivariant. If α is a K-valued arc in X Γ , then by transitivity and
Indeed if β belongs to the set on the right-hand side, then
thus β is an element of V (Ẽ ) Γ . As a result g · α ∈ V (Ẽ ) Γ , and val(α) = val(g · α) = Ψ(g · α). This implies that val(
To conclude the proof it now remains to compute the fibers of val : X Γ → |Ẽ | Γ ∩ N . Consider (y, ν, ℓ) ∈ |Ẽ | Γ ∩ N . For any α ∈ val −1 (y, ν, ℓ), by a previous argument there exists g ∈ G(O) such that y, ν, ℓ) . Finally, by Proposition 4.12, we know that
which concludes the proof and our decomposition into G(O)-orbits of the arc space of a horospherical G-variety of complexity one.
Motivic volumes.
We use the setting of Notation 4.1. Assuming that X is smooth, we will compute the motivic measure of the fibers of val. We start by studying the truncations of arcs in the set X Γ of K-valued formal arcs on X whose generic point is contained in the open subset Γ × G/H of X. Using the discoloration morphism, we may assume that E has trivial coloration, so that X = G × P V (E ). Recall that there is a surjective quotient map ϕ : X → G/P . The next result, obtained from Theorem 4.14, gives a comparison between the jet spaces of X and those of the flag variety G/P . For the truncations of arcs we use the same notation as in Equation (8).
Lemma 4.15. Consider ξ := (y, ν, ℓ) ∈ |E | Γ ∩ N and q ∈ N, where |E | Γ is as in Equation (19). Then the restriction to π q (val −1 (ξ)) of the bundle of q-jets
is a bundle, and its fiber is isomorphic to π
Proof. We have a commutative diagram
where the vertical maps are arc truncations and the horizontal maps are induced by ϕ : X → G/P . The vertical map on the left-hand side is obviously surjective, while the other vertical map is surjective since G/P is smooth (see [Gre66] ). Finally, the top horizontal map is surjective by the proof of Theorem 4.14, hence the last map is also surjective. The last claim in the lemma follows from the description of the fibers of the top map.
Using Lemma 4.15 we refine our study of the fibers of val by expressing them as cylinders, showing in particular that they are indeed measurable sets. Lemma 4.16 deals with the horizontal fibers, while Lemma 4.17 takes care of the vertical fibers. Note that the smoothness of the variety X will play a crucial role in both lemmas.
Lemma 4.16. Let X be as in Notation 4.1. Assume that X is smooth of dimension d and that E =Ẽ has trivial coloration. Consider ξ := (y, ν, 0) ∈ |E | Γ ∩ N . Let n be the rank of the lattice N . Let σ be a cone containing ν and r be its dimension. The linear part σ ∨ ∩ (−σ ∨ ) of σ ∨ is a (d − 1 − r)-dimensional vector space, which we denote by V Q . Let W Q be a complement of V Q in M Q and u 1 , . . . , u r be an integral basis of σ ∨ ∩ W Q .
Then for any q ≥ max({ u j , ν | 1 ≤ j ≤ r}), the set val
since Γ is smooth. To conclude we use an adapted version of [BM13, Lemma 3.4] where we do not assume the cone to be full-dimensional. The result of the lemma implies that
Lemma 4.17. Let X be as in Notation 4.1. Assume that X is smooth of dimension d and that E =Ẽ has trivial coloration. Let n be the rank of the lattice N . Consider ξ := (y, ν, ℓ) ∈ |E | Γ ∩ N such that ℓ ≥ 1. Let (D, F ) ∈ E be such that ξ ∈ C Γ (D) and let σ be the tail of D. Denote by r the dimension of σ and by s ≥ r + 1 the dimension of the Cayley cone
Γ is a cylinder with q-basis the K-point set of
Proof. Let π ∈ C(C) ⋆ be a uniformizer of y. We have 
Indeed, as in the proof of Lemma 4.9, any arc α in the restricted fiber induces a morphism
Conversely, if we have an arc β ∈ L (X Cy(D) )(K) with the property above, it induces a morphism
Since the completion of (C[π, The following result concludes our study of the arc space of horospherical varieties of complexity one. It gives the motivic volume of the fibers of the surjective map val : X Γ → |E | Γ ∩ N . Thus we obtain, up to a subset of motivic measure zero, a decomposition of the arc space of X as a disjoint union of measurable subsets of known motivic volume. by   (u 1 , 0), . . . , (u r , 0), w 1 , . . . , w s−r an integral basis of C y (D)
∨ ∩ W Q , where the u i are in σ ∨ ∩ M . Then
Proof. Let us show the formula for ℓ = 0. Since G/P is a smooth variety, by Lemmas 4.15 and 4.16 it follows that
for any sufficient large q ≥ 0. Using the equalities
we obtain the result of the theorem for ℓ = 0. For the case ℓ ≥ 1, we have by Lemmas 4.15 and 4.17 the equality
which simplifies to our desired formula.
The E-function of a horospherical variety of complexity one
We now use our study of the arc space from the previous section to compute the stringy invariants of a (log terminal) horospherical variety X of complexity one.
To obtain our main result, Theorem 5.17, we use the description of the stringy motivic volume as a motivic integral from Theorem 2.16. This requires a good understanding of the discrepancy of X (relatively to a desingularization), and thus of its canonical divisor, which is the object of 5.1. As was already the case in complexity zero, cf. [BM13] , Theorem 5.17 requires X to be Q-Gorenstein and log terminal; we expose the related notions in 5.2. In 5.3 we construct a desingularization of X in terms of its colored divisorial fan, and in 5.4, we put the previous results to use by computing the discrepancy. This enables us to prove Theorem 5.17 in 5.5. Throughout this section we will consider a colored divisorial fan E describing X and we will follow the conventions of 4.1. 
There is a geometric characterization of F Y as
where we view elements of F G/H , i.e. colors, as B-invariant divisors on X(D i , F i ) which are not Ginvariant. Using this description we can consider two types of G-divisors called vertical and horizontal divisors according that their G-actions on it are of complexity zero or one.
For the vertical case, we consider the following datas. For any i ∈ J, denote by Vert(D i , F i ) = Vert(D i ) the set of pairs (y, p), where y ∈ C i and p is a vertex of ∆ i y . Then
will parametrize a set of vertical G-divisors on X.
The other G-divisors on X that are horizontal can be described as follows. Define Ray(D i , F i ) as the set of rays ρ of σ i such that
• ρ ∩ ̺(F i ) = ∅ (i.e., the ray ρ is uncolored),
Here we used the same notation ρ for a ray and for the corresponding primitive generator. We denote by Ray(E ) the reunion Ray(E ) :
which will parametrize the rest of the G-invariant divisors of X.
Theorem 5.1 ([LT16, Theorem 2.11]). Let Div(E ) denote the set of G-divisors of X. The map
which to the pair (y, p) -respectively to the ray ρ -associates the germ
, is well-defined and bijective.
We may now describe the canonical class of X as a Weil divisor.
Theorem 5.2 ([LT16, Theorem 2.18]).
With the same notation as in Theorem 5.1, the divisor
is a canonical divisor on C, and
where R + is the set of positive roots of G and R I is the set of roots of P = N G (H). Denote by C(X) (B) the set of B-eigenfunctions in the function field C(X) of X, which identifies with a subset of the tensor product C(C) ⊗ C C[M ] (see Remark 3.11). The principal divisor associated with
Cartier divisors are locally principal divisors. On X, they will be associated to some specific support functions defined on the Cayley cones C y (D i ). Denote by F E the reunion of all the sets F i for i ∈ J. A colored integral piecewise linear function on E is a pair θ = (ϑ, (r α )), where ϑ : |E | → Q is a function such that the restriction ϑ | C(D i ) is integral linear for every i ∈ J, and where (r α ) is a sequence of integers with α running over simple roots in Φ \ I such that D α ∈ F E . We also require that the linear functions ϑ | C(
More generally we say θ = (ϑ, (r α )) is a colored piecewise linear function on E if there exists k ∈ Z >0 such that kθ is a colored integral piecewise linear function. We denote by PL(E ) (resp. PL(E , Q)) the set of colored integral piecewise linear functions (resp. colored piecewise linear functions) on E . Now the Cartier divisor associated with a colored piecewise linear function θ ∈ PL(E ) is given by the formula
More precisely, the map θ → D θ is an isomorphism between the group PL(E ) and the group of B-stable Cartier divisors on X. We may now give a criterion for X to be Q-Gorenstein, i.e., for the canonical divisor K X to be Q-Cartier. (i) There exists a canonical divisor
We will denote by θ X the colored piecewise linear function on X satisfying the conditions of Proposition 5.4 and such that r α = −a α for any α with D α ∈ F E . We refer to [Tim11, Equations (17.1-2)] for the uniqueness of θ X .
In fact in our main result we will not use the support function θ, but another related support function ̟, which will be constructed by gluing the linear functions introduced in the next lemma. 
In particular, if the locus of D is affine, we have
Proof. Since Y is Q-Gorenstein, by Proposition 5.4 there exists a colored piecewise linear function
We will construct the function ω Y,z by modifying θ Y . More precisely we find a function f ∈ C(C)
Since C is smooth any divisor on C is locally principal. Hence there exists an open neighborhood • ω(τ ) = −1 for any uncolored ray τ of
These conditions are satisfied by the function ω Y,z . Indeed, since the locus of D is affine, we have
for any uncolored ray ρ of σ.
Finally, we recall a criterion for X to have only log terminal singularities. Later on we will need to assume X is log terminal to ensure the motivic integral involves in the computation of the stringy motivic volume converges. 
5.3. Desingularization. Here we explain how to desingularize X in terms of combinatorial data. The desingularization involves three proper birational morphisms:
The discoloration morphism π dis and the affinization morphism q have already been defined in Equations (15) and (18). Let us now construct the morphism q ′ . Let Sp(Ẽ ) be the set of special points ofẼ and denote its elements by y 1 , . . . , y r . Up to refining the affine coverings (C i j ) j∈Ji in the construction outlined in Notation 4.11, we may assume that each element D i j of the fanẼ contains at most one special point. For 1 ≤ i ≤ r, we letẼ i be the set of all polyhedral divisors D ∈ E which have y i as a special point and we define a fan Σ i ⊂ N Q ⊕ Q as the fan generated by the Cayley cones C yi (D) for any D ∈Ẽ . Clearly the fans Σ i all contain the tail fan Σ(Ẽ ) as a subfan. Now following [CLS11, Section 11.1] we will consider a star subdivision of Σ(Ẽ ) and compatible star subdivisions of the Σ i .
Definition 5.7. Consider a fan Σ in N Q and an element ν of |Σ| ∩ N in the support of Σ. The star subdivision of Σ associated with ν is the fan consisting of the cones (i) σ ∈ Σ such that ν ∈ σ, (ii) Cone(τ, ν) for τ ∈ Σ such that ν ∈ τ and there exists σ ∈ Σ with {ν} ∪ τ ⊂ σ.
A star subdivision is a subdivision of the original fan Σ (cf [CLS11, Lemma 11.1.3]).
We say a fan Σ is smooth if any cone in Σ is generated by a subset of a lattice basis of N . This is equivalent to the toric variety X Σ being smooth. From [CLS11, Theorem 11.1.9] we have that any fan Σ has a smooth refinement Σ ′ such that
• Σ ′ contains every smooth cone of Σ, • Σ ′ is obtained from Σ by a sequence of star subdivisions.
Geometrically this implies that there is a projective desingularization of toric varieties X Σ ′ → X Σ . Coming back to our problem, let Σ ′ (Ẽ ) be a smooth refinement of the tail fan Σ(Ẽ ), corresponding to a sequence of star subdivisions associated with an element (ν 1 , . . . , ν s ) ∈ N s . For any 1 ≤ i ≤ r defineΣ i as the fan obtained from Σ after applying star subdivisions with respect to ((ν 1 , 0) 
as follows. For any y ∈ C 0 \ {y i } we set ∆ y = σ τ,i , and This concludes our construction of the desingularization of X.
5.4.
Discrepancy. The aim of this section is to compute the discrepancy of the G-equivariant morphism ψ : X ′ → X from Equation (22), whose definition we recall below.
Since the morphism ψ is equivariant, the exceptional divisors of ψ are particular
Exceptional divisors of π dis . Clearly we have Vert(E dis ) = Vert(E ), thus the exceptional divisors of π dis are in one-to-one correspondence with the elements of Ray(E dis ) which do not come from Ray(E ).
Recall that
Lemma 5.8. The elements of Ray(E dis ) which do not come from Ray(E ) can be expressed as i∈J
Ray(D
Proof. The inclusion from the left to the right is obvious. Let us consider an element ρ ∈ Ray(
This means that ρ is a ray of the tail σ i of D i , and that moreover
It is enough to check that ρ ∈ Ray(D j , F j ) for j ∈ J such that ρ is a ray of σ j . Consider such a j ∈ J. Then ρ is a ray of the tail
By definition of a colored polyhedral divisor we have
The lemma implies that the associated divisors D ρ1 , . . . , D ρt ⊂ X(E dis ) are the exceptional divisors of π dis .
Exceptional divisors of q. The morphism q : X(Ẽ ) → X(E dis ) is obtained via parabolic induction on the T -equivariant morphism V (Ẽ ) → V (E ) from Equation (18), so the exceptional divisors of q are the parabolic inductions of the exceptional divisors of the latter map. From [AH06, Theorem 10.1] we know that the set Ray(Ẽ )\Ray(E dis ) is equal to the reunion over all colored polyhedral divisors (D, ∅) inẼ with projective locus, of the rays ρ of the tails of polyhedral divisors D with the property that deg D ∩ ρ = ∅. We denote the associated exceptional divisors of q by D ρt+1 , . . . , D ρs ⊂ X(Ẽ ).
Exceptional divisors of q ′ . As before the map q ′ : Denote by {y 1 , . . . , y r } the set of special points ofẼ . For 1 ≤ i ≤ r consider the fans Σ i and Σ . Proposition 5.9. Assume that X(E ) is Q-Gorenstein. Then the relative canonical class of ψ : X ′ → X is represented by
where y∈C b y · [y] is a canonical divisor of C, θ X = (ϑ X , (r α )) is the support function from Section 5.2, and κ : N Q → Z is defined by
Proof. A canonical divisor of X ′ is given by
while the pullback by ψ of a canonical divisor of X is
where we choose K X as in Theorem 5.6. Hence
We conclude by computing the values of ϑ X ′ using Proposition 5.4.
Stringy invariants.
We combine the discrepancy calculation from Section 5.4 and the motivic volume results from Section 4.4 to obtain a formula for the stringy E-function of a Q-Gorenstein horospherical variety X of complexity one with log terminal singularities. We reuse the notation of the previous section, and we denote by Γ ⊂ C an open dense affine subset which does not contain any special point. Let d be the dimension of X.
Decomposition of the motivic integral. First we decompose the motivic volume
. We will use the set |E ′ | Γ from Equation (19) and the map val :
. This latter induces a map from L Γ (X ′ ) to the set |E ′ | Γ ∩ N that we will denote by val.
Lemma 5.10.
Proof. We have
We have seen in Lemmas 4.16 and 4.17 that the fibers val
which concludes the proof.
The stringy support function. Now we want to decompose the right-hand side of the identity in Lemma 5.10, depending on whether ℓ = 0 or ℓ ≥ 1. We need to introduce a new support function ω X inspired from the definition of the function θ X .
Proposition-Definition 5.11. Denote by (D i , F i ) for i ∈ J the elements of E . There exists a pair ̟ X = (ω X , (r α )), where ω X : |E | → Q is a function and r α ∈ Z for any α ∈ Φ \ I, satisfying the following properties
• for any i ∈ J and any y in the locus of D i , we have (i) ω X (y, ρ, 0) = ϑ X (y, ρ, 0) for any uncolored ray ρ of the tail of 
is a common face to both C y (D i ) and C y (D j ). It generated by colored or uncolored rays. Moreover both ω i,y and ω j,y are linear on the common face and coincide on the rays, which concludes the proof.
Motivic volume for horizontal arcs. Using the stringy support function, we compute the motivic integral over all subsets of the form val −1 (C, ν, 0), i.e., subsets corresponding to horizontal arcs, see Section 4.1.
Lemma 5.12. Let (y, ν, 0) be an element of |E ′ | Γ = |E | Γ . We have
Proof. We only need to prove the result for a T -variety, as the general case is obtained by parabolic induction. Let σ ∈ Σ(E ′ ) be a cone containing ν and D be a σ-polyhedral divisor of E ′ with (affine) locus C 0 . The rays of σ either correspond to exceptional divisors of ψ : X ′ → X, or are elements of Ray(E ). For the exceptional divisors we use the notation of Section 5.4. Up to renumbering we may assume the exceptional rays of σ are ρ 1 , . . . , ρ a and we denote the remaining rays by τ a+1 , . . . , τ r . Write
. . , u a , u a+1 , . . . , u r be the duals of ρ 1 , . . . , ρ a , τ a+1 , . . . , τ r .
From [PS11, Remark 3.16 (2)] we know that the ideal of a T -stable divisor D ′ ρj is given by
If α ∈ val −1 (C, ν, 0) and f ⊗ χ m is a homogeneous element of degree m in A(C 0 , D), we have
where we use the notation of Remark 4.3. Hence
Here the second equality follows from Equation (24), and the last one from Theorem 4.19. To conclude, it only remains to check that
Using the linearity of ϑ X on each Cayley cone and the decomposition of ν on the integral basis, we obtain
Finally, by definition of ϑ X , we have ϑ X (C, τ j , 0) = −1 for a + 1 ≤ j ≤ r, which concludes the proof.
Corollary 5.13. With the notations of Lemma 5.12, we have
Proof. The corollary follows directly from Lemma 5.12 by noticing that the functions ϑ X and ω X coincide on rays contained in N Q , then using linearity.
Motivic volume for vertical arcs. Let us now use the stringy support function ω X to compute motivic integrals over vertical components of the arc space L Γ (X ′ ). More precisely, let ξ = (y, ν, ℓ) be an element of |E ′ | Γ ∩ N such that ℓ ≥ 1. As in the previous lemma we assume G = T and H = {e}. Let D be a polyhedral divisor of E ′ with (affine) locus C 0 such that (ν, ℓ) ∈ C y (D), and denote by σ the tail of D. Let r be the dimension of σ and s be the dimension of C y (D). Up to renumbering of the exceptional divisors of Section 5.4, we may assume that the rays of σ either correspond to exceptional divisors D Lemma 5.14. We have
Proof. Let π ∈ C(C) ⋆ be a uniformizer of y. Recalling the expression of the ideal I(D 
We may then use the same argument as in Lemma 5.12. We obtain 
As before we can compute ord
It follows that
where c j = −1 − ϑ X (C, ρ j , 0) and
Note that d i = 0 for u < i ≤ s − r. Now
Here the second equality follows from Equation (25), and the last one from Theorem 4.19. To conclude, it only remains to check that
The following proposition rephrases the formula of Lemma 5.14 in terms of the support function ̟ X . As such it is a key step in the proof of our main result, Theorem 5.17.
Proposition 5.15. Let E be a colored divisorial fan on (C, G/H). Assume X := X(E ) is Q-Gorenstein and let X ′ = X(E ′ ) be the desingularization of X as defined in Equation (22). Then for any (y, p) in
Proof. Since the problem is local we may assume that E = {(D, F )}. We first show the statement when E =Ẽ , that is, that the coloration F is trivial and the locus C 0 of D is affine. By parabolic induction we may also assume that G = T and H = {e}. Write
and let y be a point of C 0 . Denote by (D i ) i∈J the set of polyhedral divisors in E ′ . The cones C y (D i ) for i ∈ J are cones in N Q ⊕ Q. We may then consider the fan Σ ′ they generate in N Q ⊕ Q. Let us denote by X tor (resp. by X ′ tor ) the toric (T × C ⋆ )-variety associated with the cone C y (D) ⊂ N Q ⊕ Q (resp. with the fan Σ ′ ). By Lemma 5.5 we now that X tor is Q-Gorenstein. Moreover X ′ tor is smooth, and the proper birational map X ′ tor → X tor is a (T × C ⋆ )-equivariant resolution of singularities, obtained by a sequence of star subdivisions corresponding to the star subdivisions used in desingularizing X (see Section 5.3).
Define a σ-polyhedral divisorD with locus A 1 on (P 1 , T ) by settingD :
Similarly, for any i ∈ J, we define a polyhedral divisorD i with locus A 1 associated with D i , and we let E ′ be the corresponding divisorial fan.
We have a diagram Consider the colored piecewise linear functions θ X = (ϑ X , (−a α )) ∈ PL(D) and θ X ′ = (ϑ X ′ , (−a α )) ∈ PL(E ′ ) satisfying the hypotheses of Proposition 5.4, which induce functions respectively on C y (D) and Σ ′ . To prove the proposition we compute the discrepancy of q ′ in two different ways. Let us first compute the discrepancy of q ′ : X(Ê ′ ) → X(D) using the functions ϑ X ′ and ϑ X . By definition the Weil Q-divisor
is a relative canonical divisor. Next we compute the discrepancy of q ′ : X ′ tor → X tor using the function ω X . By [BM13, Proposition 4.2] the Weil Q-divisor
is a relative canonical divisor. The divisors K andK are linearly equivalent. By [KM98, Lemma 3.39] we know that they are in fact equal. Thus
, which concludes the case where E =Ẽ . For the case where E is general, we remark that the functions ω X(Ẽ ) + ϑ X − ϑ X(Ẽ ) , ω X coincide. Indeed, they are linear on each Cayley cone of E and they have the same values on the rays. Hence taking this into account we obtain Equation (26) in the general case, which concludes the proof of the proposition.
Corollary 5.16. With the notations of Lemma 5.14, when ℓ ≥ 1, we have
Proof. We proved in Lemma 5.14 that
By definition of ϑ X ′ and ϑ X , we have
Moreover by linearity
By the proof of Corollary 5.13 we have
and by Proposition 5.15 we have
We obtain
Replacing the exponent of L in the right-hand side of Equation (27) by ω X (y, ν, ℓ) using Equations (28) and (29), we obtain the stated result.
The stringy motivic volume. Using the previous lemmas and corollaries, we obtain the main result of the section.
Theorem 5.17. Let E be a colored divisorial fan on (C, G/H) such that X = X(E ) is Q-Gorenstein with log terminal singularities. Then for any open dense subset Γ in C \ Sp(E ) we have
where X 0 = Γ and
Proof. By combining Lemma 5.10 and Corollaries 5.13 and 5.16, we obtain
The following result is an immediate consequence of Theorem 5.17 and of the definition of the stringy E-polynomial in Definition 2.18.
Corollary 5.18. Under the hypotheses of Theorem 5.17, the stringy E-function of X is computed as follows
Rational form and candidate poles. Let us end this section by expressing the rational form of the stringy volume E st (X) (see Definition 2.15) in terms of the combinatorial object E . For a special point y ∈ Sp(E ), we denote by E y the fan generated by the Cayley cones of the form C y (D i ), where i is in J. Let τ ∈ E y . Fix a fan Σ τ with support τ such that every cone of Σ τ is simplicial and the cones of dimension one in Σ τ are exactly the faces of dimension one of τ . Such a fan always exists according to [Ewa96, V.4] .
For an arbitrary polyhedral cone λ ⊂ N Q ⊕ Q, we denote by λ(1) the set of primitive generators in N ⊕ Z of the rays of λ. The fundamental parallelotope of λ is the set
By the symbol Prop(λ) we denote the set of proper faces of λ.
For an element v ∈ N ⊕ Z we denote by χ v the Laurent monomial associated with v. We define two functions L 1 and L 2 via the equalities
and
for every cone γ ∈ Σ τ . We also introduce 
The following lemma gives an interpretation of the polynomial Q(τ, Σ τ ) in term of the following generating function:
where τ • is the relative interior of τ .
Lemma 5.20. With the same notation as above, the series S(τ ) admits a rational form
Proof. Let γ ∈ Σ τ . By Theorem 5.19 we have
This implies that
We conclude by using the equality S(τ ) = γ∈Στ \Prop(τ ) S(γ).
Remark 5.21. Lemma 5.20 implies that the polynomial Q(τ, Σ τ ) does not depend on the choice of the simplicial fan Σ τ . In the sequel, we denote it by Q(τ ). In the next lemma we study the sign of the function ω X on each cone of the fan E y , where y ∈ Sp(E ) is a special point of E . To do this we use the combinatorial description of the log terminal condition on X = X(E ) given in Theorem 5.6.
Lemma 5.23. Let τ ∈ E y and ρ ∈ τ (1). Then ω X (y, ρ) < 0.
Proof. Let (D, F ) be a colored polyhedral divisor in E such that ρ is a primitive generator of a ray of C y (D). Assume first that ρ ∈ σ(1), where σ is the tail of D. If ρ ∈ Ray(E ) or if a color of F is mapped onto the ray Q ≥0 ρ, then by Proposition 5.11 the rational number ω X (y, ρ) is equal, respectively, to −1 or to −ℓa α ∈ Q <0 for some ℓ ∈ Q >0 .
Otherwise, by Theorem 5.6 the log terminal condition implies that the locus of D is the projective line . Then (see Definition 5.3), we can find e ∈ M , α ∈ Q >0 and a rational function f ∈ C(P 1 ) ⋆ such that for any z ∈ P 1 and any vertex v ∈ ∆ z we have
is a canonical divisor. Let (v z ) z∈P 1 be a sequence of elements of N Q such that for any z ∈ P 1 , v z is a vertex of ∆ z and v = z∈P 1 v z . From Equation (30) and Proposition 5.11 we obtain
The inequality is a consequence of the fact that deg K P 1 = −2 and of the log terminal assumption on X = X(E ) (see Theorem 5.6). If ρ does not belong to N Q , then ρ = (κ(w)w, κ(w)) for some vertex w of ∆ y , and hence by Proposition 5.11 we have
This concludes the proof of the lemma.
Remark 5.24. The argument of the proof of Lemma 5.23 shows as expected from Theorem 5.17 that the function ω X does not depend on the choice of a canonical divisor K C of the curve C. Indeed, assume that there exists a ray ρ ∈ N Q of a Cayley cone which is not in Ray(E ). Then by Theorem 5.6 we have C = P 1 . Using Equation 31, we observe that the value of ω X at (C, ρ, 0) depends only on the canonical class of P 1 . The values of ω X at the other rays of the Cayley cones of E are by definition equal to −1, which concludes the remark. Let m := min{a ∈ Z >0 | aω X takes its values in Z}. Then the map
is a well-defined continuous morphism, and therefore it extends to the formal completions
Proof. By Lemma 5.23 we have
This implies the existence of the morphismφ τ (see [Mat80, §(23 
.H)]).
Inspired by the theory of Stanley-Reisner rings we introduce the following terminology (see also [BM13, Section 6]).
Definition 5.26. Let y ∈ Sp(E ) be a special point and consider τ ∈ E y . Let m ∈ Z >0 as in 5.25. According to Corollary 5.25 we haveφ τ (Q(τ )) ∈ Z[t 
where η(τ, ω X ) ∈ 1 m Z is the degree of P (τ, ω X ) divided by m. The following result gives a more precise description of the rational form of the stringy motivic volume E st (X) of X = X(E ). In particular, we obtain a finite set of candidate poles of E st (X) given in terms of the values of the stringy support function ω X .
Theorem 5.27. For every y ∈ Sp(E ), let us denote by E ⋆ y the set of cones τ of E y such that τ ⊂ N Q . Let Γ = C \ Sp(E ) and consider the tail fan Σ(E ) of E . Then the stringy motivic volume of X = X(E ) is expressed by the formula
where P (τ, ω X ) is the Stanley-Reisner polynomial associated with the pair (τ, ω X ).
Proof. Using Theorem 5.17 and Corollary 5.25 we obtain
where S(τ ) is defined in 5.20. We conclude by using the rational form of S(τ ) from Lemma 5.20.
As a consequence of the theorem, under some assumptions on E , we obtain a formula for the stringy Euler characteristic of the variety X.
Corollary 5.28. Let (M, I) be the pair describing the horospherical homogeneous space G/H. Consider W := N G (Q)/Q the Weyl group of (G, Q) and W I ⊂ W the subset defined in Section 3.1. Let r := dim(N Q ). Assume that for every tail cone τ ∈ Σ(E ) and every τ ′ ∈ E y for y in Sp(E ), we have r ≥ |τ (1)| and r + 1 ≥ |τ ′ (1)|. Then
Proof. Let P ⊂ G be the closed subgroup containing B and associated with the set I. By Theorem 5.27 we have .
Studying the fixed points of the action of maximal torus Q on G/P we see that that e(G/P ) = |W | |WI | . We conclude by letting u, v tend to 1.
Examples and applications
In this section we start in 6.1 by illustrating Theorem 5.17 on the example of a hypersurface endowed with a (C ⋆ ) 2 -action which was initially studied by Liendo and Süß [LS13] . Then in 6.2 we deduce from Theorem 5.17 a smoothness criterion for locally factorial horospherical varieties of complexity one. We notice that all rays of σ intersect deg D. Thus to prove that X is Q-Gorenstein we need to construct a function ϑ X satisfying the following conditions. To compute the stringy motivic volume of X(D) we compute the sum of the four following series: (1 − L −5 ) 2 (1 − L −1 ) .
By a direct computation we obtain
(1 − L −5 ) 2 (1 − L −1 ) .
We may now compute the stringy motivic volume of X(D): Indeed, the Euler characteristic of an algebraic torus is zero. We observe that e st (X) > e(X). Lemma 6.1. Let (D, F ) be a colored σ-polyhedral divisor on (C, G/H) with affine locus C 0 . Assume that X(D) is locally factorial (that is, that any Weil divisor is Cartier), and that σ has dimension dim X − 1. Then the stringy Euler characteristic is equal to e st (X) = e(C 0 ) |W | |W I | Dα∈F a α , where, as usual, W denotes the Weyl group of (G, Q) and W I denotes the Weyl group of (N G (H), Q). F ) ) is the G-equivariant (respectively G × C ⋆ -equivariant) embedding of the horospherical homogeneous space G/H (respectively G/H × C ⋆ ) associated with the colored cone (σ, F ) (respectively (C y (D), F )). Here the last equality comes from [BM13, Theorem 4.3] Passing to the stringy E-polynomial and evaluating at u = v = 1, we obtain e st (X) = e(Γ)e st (X(σ, F )) + y∈C0\Γ e st (X(C y (D), F )).
Using [BM13, Proposition 5.11] we see that e st (X(C y (D)), F ) = e st (X(σ, F )) since the stringy Euler characteristic only depends on the Weyl groups and the colors, which are unchanged. We deduce e st (X) = e(C 0 )e st (X(σ, F )).
Finally, using again [BM13, Proposition 5.11], we obtain e st (X(σ, F )) = |W | |W I | Dα∈F a α , which concludes the proof.
The next proposition gives a full description of the G-orbits of a simple G-model of C × G/H corresponding to a colored σ-polyhedral divisor (D, F ) with affine locus C 0 . For the complexity zero case we refer to [BM13, Proposition 2.4] and [GH15, Theorem 1.1].
Proposition 6.2. Let (D, F ) be a colored σ-polyhedral divisor on (C, G/H) with affine locus C 0 , and Sp(D) be the set of special points of D. Then X := X(D, F ) has two types of G-orbits:
(i) horizontal orbits, which are contained in the G-invariant open subset Γ × X(σ, F ) of X, where Γ = C 0 \ Sp(D) and X(σ, F ) is the G/H-embedding associated with the colored cone (σ, F ), (ii) vertical orbits, which are the remaining G-orbits.
Moreover, the horizontal G-orbits of X are parametrized by triples (y, τ, F τ ), where y ∈ Γ, τ is a face of σ, and F τ = {D ∈ F | ̺(D) ∈ τ }. The stabilizer H y,τ,Fτ =: H τ of such a triple is given by
where I Fτ ⊂ Φ is the reunion with I of the set of simple roots indexing the colors in F τ , and χ m is the character of P IF τ associated with m.
Finally, the vertical G-orbits of X are parametrized by triples (y, F, F F ), where y ∈ Sp(D), F is a face of the σ-polyhedron ∆ y of D associated with y, and
The stabilizer H y,F,FF =: H y,F of a triple (y, F, F F ) is given by We may now compute the (usual) Euler characteristic, which we then compare to the stringy Euler characteristic of Lemma 6.1. Here y 2 is a fixed non-special point in C 0 \ {y 1 }. ClearlyD̟ 1 =D (z0,0) , which proves thatD (z0,0) is Cartier. (4) For a colorD α0 ∈ F , the proof is extremely similar to that of the previous cases. Since e(C ⋆ ) = 0, this proves Equation (32) and concludes the proof.
Combining Lemmas 6.1 and 6.3 with the smoothness criterion of [LT16, Theorem 2.5], we obtain the following result.
Theorem 6.4. Let (D, F ) be a colored σ-polyhedral divisor on (C, G/H) with affine locus C 0 ⊂ C. Assume that X = X(D) is locally factorial and that for any y ∈ C 0 , the Cayley cone C y (D) has dimension d = dim X. Then we have e st (X) ≥ e(X). Moreover, if 2 − 2g − |C \ C 0 | = 0, then X is smooth if and only if e st (X) = e(X).
